Abstract-Two complementary reciprocity theorems have been derived in this work. They are distinct from the well-known reciprocity theorems of Rayleigh-Carson and Lorentz. An application of one of the theorems to a radiation problem is given. A one-dimensional version of the theorems is introduced first by using transmission lines as the models to illustrate some of the key concepts in the theory.
I. INTRODUCTION HERE are two well-known reciprocity theorems in elec-T tromagnetic theory; one due to Rayleigh [l] and Carson
[2] and another due to Lorentz. For an infinite domain with an isotropic medium, such as free space, the derivation of these theorems, including the fictitious magnetic currents, have been treated in detail by Van Blade1 [3]. They are also valid for multiple media in contact. When there is an electrically perfect conductor in one of the multiple media, such as the problem of a layered dielectric placed above a ground plane, we need a reciprocity theorem involving the magnetic fields in order to derive the symmetrical relationships of the magnetic dyadic Green functions in the formulation. In this paper, we will derive such a theorem and apply it to find the symmetrical relationships.
The theorem involves the concept of two complementary sets of fields. In order to comprehend better the significance of the complementary sets we will first give a one-dimensional version of the theorem using the transmission line as the model before the full theory for a three-dimensional electromagnetic field is presented. --
We are dealing with harmonically oscillating current and voltage with a time factor e-'"' for complex quantities in the time domain. In (1)-(4), L and C are the line constants. The boundary conditions for the line voltages and currents are
By multiplying (1) by ib(X) and ( 3 ) by i m ( x ) , adding the two resultant equations, and making use of (2) and (4) we obtain
where Z , = ( L / C)l/', denoting the characteristic impedance of the line. An integration of (7) with respect to x from x = 0 to x = d yields In view of the boundary conditions at the terminals, (8) can be written in the form Historically, Rayleigh formulated the reciprocity theorem for electrically passive networks first, and it was Carson who generalized it to the electromagnetic field in an isotropic medium, hence, the name, Rayleigh-Carson theorem.
In regard to the complementary impedance condition stated by (lo), two special cases should be mentioned.
In this case, the terminal impedance would correspond to a semi-infinite line connected to the load terminals of both lines. It is the same as letting d -+ 03. It is important to remember that the complementary theorems involve two identical sections of line with complementary impedance conditions at two ends, or two models. With the introduction of the concept of complemental models, the full theory for the three-dimensional fields would be easier to for any terminations at both ends of a single line. Equation 
where 2 denotes the outward unit normal of the surface S enclosing the volume Y . We consider two sets of harmonically oscillating electromagnetic fields in an identical environment with an isotropic medium of electric and magnetic constants E and p. The wavenumber in such a medium is denoted by k, being equal to-w(pe)'/2. The two sets of fields will be labeled as (J,, E,, H,) and ( J b , E b , Pb). They are When the current sources are localized such that
solutions of the equations
( 21) where 6 ( x -xu) denotes a delta function defined at x u and similarly for 6 ( x -x b ) , the Ki theorem yields the circuit The wave equations for g,, Ha, i?b and Hb are then given 
where Vu denotes the volume occupied by Ja and vb that by where Sa _denotes the surface enclosing j , and Sa that enclosing Jb. Equation (30) represents the Lorentz reciprocity theorem. Both theorems, of course, are applicable to problems in an infinite domain without a scattering body.
They are also valid if the scattering body is made of an isotropic material with electric and magnetic constants different from that of the surrounding medium. The proof is straightforward. In that case, one of the current distribution could be placed inside the scattering body.
Case 2: F = E,, e = Hb the first step, the equation
By substituting these two functions into (19), we obtain, in
By means of the divergence theorem, one of the surface integrals in (31) can be split to two terms, i.e.,
( Jb x E,) dS
Substituting it into (31) we obtain PP where 2 = ( p /~) ' /~ is the wave impedance in the isotropic medium with constants p and e. For the same problem considered in Case 1, i.e., an infinite isotropic medium with an electrically perfect conducting body inside the medium, the surface integral vanishes at infinity because of the ragation condition but only the part involving ii -( E , x &) vanishes on sd. Thus, the volume integral and the surface integral always exist simultaneously. To decouple these two integrals we can consider two complementary-environments for the two sets. For the first set (J,, E, , Ha) we let the scattering body remain to be an electrically perfect conducting body with surface s,. We call it Model a. For the second set ( J b , Eb, H b ) we let the scattering body to be a magnetically perfect conducting body with the same shape, hence, the same surface sd. We label it Model b. Unlike the line b in the transmission line theory, Model b is electromagnetically not physically realizable, but it is entirely acceptable to use it in a theoretical formulation like the vector potential function in field theory, which is not a measurable physical quantity. In fact, it is not unique mathematically because we can impose different gauge conditions to that function that still yield the same answer for E and H, and we use these functions all the time. Having introduced the two complementary models we would like to label the surface s d as Se for Model a, which is a physical model provided we accept perfect electric conductor as "realizable," and S,,, for Model b, which is not physically realizable, then
and i? x Hb = Oon s, .
(35)
Now if the volume of integration in (33) corresponding to the region outside of S, we obtain , IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 40, NO. 6, JUNE 1992 where Vu and V, denote, respectively, the volume occupied by J, and 7,. The relationship stated by (36) where S, and S , denote, respectively, the surface enclosing . I , and J b . Equation (37) is designated as the complementary (E, N) reciprocity theorem, --or the (E, H), theorem for short, in contrast to the (E, H) theorem of Lorentz. Having introduced the notion of complementary models we would like to extend it to a problem involving two isotropic media in contact with an electrically conducting body in one of the media. The derivation of these reciprocity theorems with the aid of the vector Green's theorem of the second kind was first presented by this author without much elaboration in a conference held in China in 1987 [6].
--
IV. Two PLANE STRATIFIED ISOTROPIC MEDIA ON A CONDUCTING GROUND PLANE
For clarity, we consider a specific problem illustrated in Fig. 2(a) where two plane stratified media are in contact and there is an electrically perfect conducting ground plane located in Region 2. The medium constants are p,, E , and p , , E , in the two different regions with wavenumber k, and k,. These constants are assumed to be known. This model will be labeled Model A. Now we create another mathematical model shown in Fig. 2(b) where the medium constants in The subscript B indicates that the fields are defined in Model B. Several cases will be considered depending upon the satisfy the system of equations given by (20)- (27) (46) Since p, and E, are given constants (46) puts a constraint on the product of p; and E ; but not individually. Equation (46) will be referred to as the wavenumber matching condition. Under this condition (45) can be written in the form 
The unprimed parameters are defined in Model A which are assumed to be known and the primed paramters defined in Model B are determined by (58) and (59). For n = N, we have p N = p)N and cN = EL.
V. AN APPLICATION OF THE
H THEOREM The formulation of the complementary j H theorem which we have so meticulously derived is not an academic exercise, although works from educational institutions often had that tint. In our case, it was motivated by a problem that we could not resolve initially. It deals with the question of finding the transpose of some magnetic dyadic Green functions in the formulation of a radiating aperture on a ground plane coated with a layer of dielectrics, Model A in the previous section with p , = p2 = po, c2 = c (dielectric), e l = eo (air).
The key formulas obtained by the method of dyadic Green functions are:
where SA denotes the area of a radiating aperture o_n a conducting ground plane with electric field EA(R'). G$i) field in the two regions and R' becomes the position vector for the aperture field. This is one of the characteristics of the method of the dyadic Green functions. It should be mentioned that the notation and the nomenclature for the magnetic dyadic Green function in this paper were not used in this author's original book on that subject [6]; rather they were introduced later [7] .
The main problem to be resolved is to find the symmetrical relationships between the transposed functions and some other functions with the roles of R and R' in the Green functions interchanged. Our original attempt encountered repeated failures that was finally conquered by invoking the J H theorem.
Let us now apply that theorem to derive the desired symmetrical relationships. When a current source J2A is attributed to an infinitesimal electric dipole, with a prqerly normalized current moment, located in Region 2 at R A in Model A and pointed in the 4* direction it can be written in the form j 2 A = 4,6( -E A ) .
(62)
When another current source JzB, located also in Region 2 at EB of Model B, is due to an infinitesimal electric dipole with the same current moment, but pointed in iJ direction we write J*B = i J 6 ( R -RB). 
The function of the first kind with subscript "ml" is involved because in Model B the magnetic field satisfies the Dirichlet boundary condition, i.e.,
x HzB(EA) = Oon s,.
(66)
Similarly, G2,(RB) is the vector component of G$Z)(R,, EA) in the direction of 4,, i.e., -2 2 A ( R B ) = G$:)( E B 3 E A ) ' 2,.
(67)
The function of the second kind is involved in this case because in Model A the magnetic field satisfies the Neumann boundary condition, i.e., -2 x v x J12A( RB) = 0 on s,.
(68) and G$;) denote two magnetic dyadic Green functions of the second kind, indicated by the subscript notation "m2." The
